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A shallow circular cylindrical shell with closely spaced stringer- 
and ring-stiffeners is considered. Equilibrium equations are de- 
rived on the basie of assumed states of strees in the monocoque 
cylinder and stiffeners through superposition and smearing-out 
of the etiffening effects. Inertia terms of such an equivalent 
ehell are incorporated and coupled equations of motion are stated 
in linear and nonlinear form. Partial decoupling of the radial 
displacement equation is shorn to be possible for the orthotropic 
shell (zero eccentricity). On neglecting tangential inertia ef9 Aects 
the equation8 of motion are formulated through the use of a stress 
function which results in a system of two nonlinear partial diffe- 
rential equations in the radial displacements and the stress function. 
Since some of these equations have not appeared in the open 
literature an effort has been made to check them by reduction to 
well-known expressions for the orthotropic and isotropic ehell. 
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1. INTRODUCTION 

The dynamic s t a b i l i t y  of monocoque and s t i f f ened  cy l indr ica l  
s h e l l s  i s  the  topic  presently under invest igat ion a t  'the 
Applied Mechanics Laboratory of Syracuse University. 
This interim report  covers the i n i t i a l  a c t i v i t y  of the  wr i te r  
i n  formulating the pertinent equations. It is therefore not the 
purpose t o  a r r i v e  a t  a preset goal, but r a t h e r  t o  report  an 
i n i t i a l  etage of development leading t o  t h e  dynamic reeponee. 

2. SCOPE 

Dif fe ren t i a l  equations of motion i n  l i n e a r  and nonlinear fo rm a r e  
derived for eccent r ica l ly  s t i f fened  she l l s .  The s t i f f e n e r s  a r e  
a88umed t o  be closely spaced and consis t  of s t r inge r s  and rings 
equally spaced i n  the  longitudinal and circumferential  direct ion,  
respectively . 
3 . ACCOMPLISHMENTS 
A simpified l i nea r ly  e l a s t i c  s t r e s s - s t r a in  d i s t r ibu t ion  is  assumed 
i n  the  monocoque s h e l l  and the s t i f fened  p a r t  from which the 
s t r e s s  resu l tan ts ,  bending- and t w i s t i n g  moments a r e  derived i n  
terms of s t r a i n s  and curvature changes. The addi t ive  s t i f f n e s s  
provided by the s t r inge r s  and rings is assumed t o  be 8tsmeared-outtt 
over the  s h e l l  which is  j u s t i f i a b l e  f o r  s t i f f e n e r  spacings that  a r e  
small w i t h  respect t o  the half-wavelength of the  buckling pattern.  
The s t ress- ,  moment-and t w i s t  r esu l tan ts  a r e  given i n  matrix form 
i n  terms of s t r a in8  and curvature changes. It is shown that when 
l i n e a r  strain-displacement re la t ions  a r e  ueed these equatione become 
i d e n t i c a l  with those of reference (1). On using nonlinear s t ra in-  
displacement r e l a t ions  the  equations of reference ( 2 )  a r e  obtained. 
In these two references t h e  pr inciple  of s ta t ionary  t o t a l  po ten t i a l  
is employed i n  which the  stress-,  moment and t w i s t  r esu l tan ts  a r e  
inherent ly  defined and the  equations of equilibrium and boundary 
conditions follow from Euler's var ia t iona l  equations. *he equi- 
l ib r ium equatione used i n  t h i s  paper accomodate components of the  

ri 
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membrane forces  i n  the radial  d i r ec t ion  and a l s o  include i n e r t i a  
forces. The equations of motion follow through the  introduction 
of the displacements and t h e i r  space and time der ivat ives .  When 
theee equation8 a r e  linearized and reduced t o  the i so t ropic  s h e l l ,  
Flugge's shallow s h e l l  equations of  motion o f  reference ( 3 )  
resu l t .  

An attempt is made for t h e  l i n e a r  case t o  obtain an equation 
o f  motion i n  the radial displacement w alone,whiZa accounting f o r  
t angent ia l  plane i n e r t i a  terms. This par t ia l  decoupling is  achieved 
only f o r  the  orthotropic case s ince the  eccent r ic i ty  of the s t i f f e n e r s  
upsets the  symmetry requirement of the decoupling procedure. A re- 
duction t o  the  i so t ropic  caae checks w i t h  the  equation obtained i n  
reference ( 5 )  . 

Nonlinear equations o f  motion a r e  derived on the  basis of 
a s t r e s s  function f (x ,y )  when tangent ia l  i n e r t i a s  a r e  neglected. 
This method reduces the problem t o  the so lu t ion  of two coupled 
four th  order nonlinear p a r t i a l  d i f f e r e n t i a l  equations i n  f and w 
which i 8  analogous t o  the von Idman/ large def lec t ion  equations f o r  
the  f l a t  p la te  under s t a t i c  conditione. 

4 .  THE STRESS RESULTANTS, MOMENTS AND TTISTS FOR THE SHALLOW 

MONOCOQUE CYLINDRICAL SHELL 

The plane e t rese-s t ra in  re la t ions  of the engineering theory of 
e l a s t i c i t y  a r e  a e s u e d  t o  be val id ,  e.g. 

h 

= txJr 

I 

where the subscript  T on the s t r a i n s  r e l a t ee  t o  the t o t a l  s t r a i n  
a t  any height i n  the thickness direct ion.  



A thin ahallow cylindrical shell of thickness t and middle surface 
radius R i a  assumed (t/RL<l), 
With the notation shown below the stress resultants, shear forces, 
momenta and twists are defined as: 

J 
-th 

J 

J -vz 

- t l 2  -m 
where the euperscript (m) atands for momocoque. 
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The assumptionlthat crose-sections normal to the middle surface 
remain normal to it after deformation,leads to the following 
relation between the total- and middle surface strains: 

= < - 2%. 

where dc,,d(, and z g c r  are the changee in curvature and twist of 
‘ d  d the middle surface. 

Introducing (3) into(1) and then 
thicknesa lead6 to: 

into (2) and integrating over the 
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In the eequel the following abbreviatfons w i l l  be usedr 
( A summary of a l l  abbreviated 
Appendix) 

h E t  6d3 

parameters is given in  the 

With ( 5 )  equations ( 4 )  can be written as: 



. .  

o r  in matrix form: 

’ t  

= D x  v 

Ku 
K 

0 

0 

0 

0 

0 
0 

IC6 
0 

0 

0 0 0  

0 
0 
4 ‘j4 I (7). 

5. THE STRESS RESULTANTS, MOMENTS AND TWISTS FOR THE 

SHALLOW STIFFENED SHELL 

It l e  assumed that the stringere and rings can be treated as 
beams with zero Poisson ratio. The normal stresses  are assumed 
zero for  the stringere i n  the y-direction and for  the rings in 
the x-direction. 

Where S and R stand for  stringer and ring, respectively. 
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a )  The Contribution of Stringers and R i n g 8  t o  t he  S t ress  Resultants 

Integrating ( 8 )  over s t r ingerc  and rinR cross-section, respectively,  
(denoted by AS and A R ) ,  we note that the  s t r a i n s  and curvature 
changes can be t rea ted  as constants if t h e i r  va r i a t ion  I s  small 
In the  neighborhood of  t he  cross-eectional  area^. 

Summing forces  i n  the  x-direction, contributed by t h e  s t r inge r ,  
we can write,  

4s 
where zs is the  cen t ro ida ld i s t ance  of  % from the  middle eurface. 
If thla c o n t r i b u t i m  ie s~esrec!  s9e.r t k c  =+,ringer spacing d, we 
obtain a s t r e s s  resu l tan t  rJ, I l S )  per un i t  circumference contributed 
by the  s t r inge r ,  e.g. 

Iden t i ca l  considerations apply t o  the  ring cross-aection w i t h  the  
r e s u l t  : 

where e is the  r ing  spacing. 
The contribution of the  r ing  and s t r i n g e r  croes-sections t o  the 
shear  s t r e s s  resu l tan t  a r e  aseumed t o  be negligibly small. 

b )  The Contribution of Stringere and Biws t o  the  Moments and T w i s t s .  

Taking moments of the forces due t o  the s t r e sees  of equations ( 8 )  
about the  l o c a l  coordinate axes o f  the  middle surface r e s u l t s  in: 
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where rs0 = l e  the  area moment o f  i n e r t i a  of the  e t r inger  

Smearing out t h i s  moment contribution over the  s t r i n g e r  spacing d, 
we obtain: 

t2d& 
cross-section 4 w i t h  respect t o  the loca l  y-axie of the  middle surface. 

S imi la r ly ,  there  resu l t8  for the ring, 

Twisting of the rings and s t r ingers  occurs due t o  the twieting 
curvature changeXxb, of the middle eurface, The assumption tha t  plane 
cross-eection remain plane and normal t o  the middle surface is  die- 
carded f o r  t he  s t r inge r s  a p d  r ings under twieting. If the  l a t t e r  
consis t  of tubular  crosa-sections they provide considerably t o  the 
t w i s t i n g  r i g i d i t y  i n  comparison w i t h .  the  monocoque she l l .  For 
simplici ty  it is assumed that  the e f fec t  of any possible j o i n t  of the  
s t i f fen ing  elements can be ignored and the l a t t e r  can warp f reely.  
S i n c e r  is the  twiat  per un i t  length the  contr ibut ion Of the  s t r i n g e r  
t o  the twist ing torque is, 

- 

3 

where Js is the  tors ion  constant for the  s t r i n g e r  cross-section. 
Smearing-out the twist ing torque over the s t r inge r  spacing d 

we obtain, 

In  analogy, there  is  a contribution from the ring, 
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c )  The Total Effect o f  Stiffeners and Monocoque Shell 

By superposing corresponding quantities from equatione ( 4 ) ,  (Q), ( l o ) ,  
(13 )  and (14) ,  the following s tress  resultanta, momenta and t w i s t s  
can be written: 

b$Y = 

The following additional parameters are defined: 
(Included i n  the l i s t  o f  the appendix) 

Es As ks = - d 
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whera Isc and Igc a r e  the area qoments of iner t ia  with respect t o  
p a r a l l e l  axes through the centroids of s t r i n g e r  and r ing  cross- 
B e c t ions . 
FSb 
our  notation f o r  external  s t r inge r s  and rings.  
When a t r inge r  and ring croes-sections a r e  symmetrical w i t h  re- 
spect t o  the middle surface the eccen t r i c i t i e s  zs and ER 
zero and therefore,  FSb= FRb = 0. In t h i s  case there  are only 
12 s t i f fnes s - r ig id i ty  quant i t ies  and we epeak of an orthotropic 
s h e l l  which corresponds t o  that  of  reference ( 4 ) .  

and FRb a r e  algebraic quant i t ies  and they a r e  positive i n  

are 

Considering equations (15), c e r t a i n  parameters can be grouped 
together and it is convenient t o  introduce ce r t a in  
- r i g i d i t y  parameters which a r e  defined as fol lows:  
c A180 l i s t e d  i n  the Appendix) 

combined s t i f f n e s s  
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I With these abbreviation6 equations (15) become: 

It must be noted that the twisting moments M 

let ue define: 

and M are not 
of equal magnitude. In order to cast equations XY el81 YX into a matrix, 

py can be interpreted physically as an average twieting moment 
by which the Uifferences of torsional stiffness of etringers 
and ring6 is averaged out such that the magnitude of 
are equal. 
Equations (18) can be written in matrix form 88: 

%y and 5. 
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6. GEONETBICALLY LINEAR RELATIONS FOR STRESS RESULTANTS, MOMENTS 

AND TTISTS FOR THE ECCENTRICALLY STIFFENED CIRCULAR CYLINDER 

It is assumed tha t  the s t ra ins ,  curvature changes and t w i s t s  a r e  
linesrsly re la ted  t o  the  midd le  surface diaplacements and t h e i r  
spatial der ivat ives  i n  the  following manner: 

€ $ = v  f 1J 
'2 R 

I 
where a comma followed by the subscripted independent var iable  
denotes partial d i f f e ren t i a t ion  w i t h  respect t o  that  var iable  
i n  the usual  manner. 

Introducing ( 2 1 )  in to (18) r e s u l t s  in: 
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It can be shown easily that equations (22) are identical with 
those of reference (1) if the proper sub8titution8 are made for 
the etiffnesa and rigidity quantities. 

7. GEOMETRICALLY NONLINEAR RELATIONS OF STRESS RESULTANTS, 

MOMENTS AND T V I S T S  FOR THZ ECCENTRICALLY STIFFENED 

C1 ,SCUUR CYLINDRICAL SHELL 

The influence of a large radial displacement w is taken into 
account 80 that instead of (21) we have, 

Introducing c21) into (18) yields: 
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Cith the  proper subet i tut ion f o r  the s t i f f e n e s s  and r i g i d i t y  
parametera and a s l i g h t  rearrangementj equations (22)  can be shown 
t o  be iden t i ca l  with those of reference(2).  

In both, references (1) and ( 2 ) ,  the stress resu l tan ts ,  
momenta and twlste  a r e  arrived a t  through a formulation of the  
surface in tegra l8  of the s t r a i n  energy density due t o  s t re tching,  
twist ing and bending. Stress  resu l tan ts ,  momenta and twiete  a r e  
then defined as those forces and moments per u n i t  length which 
y i e ld  the  same a t r s i n  energy density i f  they a c t  through the  
Sheir respective displacements and angles. 

8.  EQUILIBRIUM EQUATIONS FOR THE ECCENTRICALLY STIFFENED 

SMEARED-OUT SHELL ELEbfENT 

The equilibrium equations a r e  formulated on the baei6 of the  
notations given i n  Section 4. Force equilibrium equations a r e  
wr i t t en  in the x-, y, and z-directions. R a d i a l  components of the  
membrane forces  are taken in to  account. The following equation6 
r e s u l t  : 



i ' .  

where X, Y and 2 a r e  forcee per u n i t  surface. 
Moment equilibrium equations a r e  wri t ten about  the  x- and y-axe6 
while the equilibrium equation about the z-axis is ident ica l ly  
s a t i s f i e d  wi th  our assumption of a shallow s h e l l .  
Discarding the  l a t t e r  equation, there  remain: 

On d i f f e ren t i a t ing  the  f i r s t  of (26) with respect t o  y, the  eecond 
of  (26) with respect t o  x and introducing the  r e s u l t  i n to  (25 ) ,  
the  shear forcee can be eliminated. If i n e r t i a  forces a r e  the only 
body forces,  we can define an emvalent  mass per un i t  areaof the 
smeared-out equivalent s t i f fened s h e l l  as: 

where? r e fe r s  t o  the ma88 per u n i t  volume and the subacript8 
a r e  selfexplanatory. Thus the following equations a r e  obtained: 

where d o t s  indicate  d i f f e ren t i a t ion  w i t h  reapect t o  time. 
It must be noted that rotatory i n e r t i a  terms have been neglected. 
They could be of considerable influence i f  the  eccen t r i c i t i e s  
and the  masse8 of the s t i f f ene r s  a r e  sizable.  This does not 

lend i t e e l f  t o  be eas i ly  included in the  above approach, since 
besides the s t i f f e n e r  s t i f fnes s ,  the  s t i f f e n e r  mass ie n8meared-outn 
too.  



-16- . 

9. COUPLED EQUATIONS OF MOTION OF THE SIbEARED-OUT ECCENTRICALLY 

STIFFENED CIRCULAR CYLINDRICAL SHELL 

The equacions of motion a re  obtained when the appropriate deriva- 
t i v e s  or e i t h e r  the l i nea r  s e t  (22) or the  nonlinear s e t  (24) 
of equations a r e  introduced in to  equations (28). Since the  t h i r d  
o r  (28) contains products of  the  s t r e s s  r e su l t an t s  (NX, Ny, Nxy) 
and i ts  der ivat ives  w i t h  w-derivatives, the  t h i r d  equation of 
motion becomes nonlinear regardless whether (24) or ( 2 8 )  a r e  
used, unless  the  secondary e f fec t  of the membrane rorces  is  neglec- 
ted i n  (24). 

a )  Linearized Equations o f  Motion 

The e f f ec t  of the membrane forces is neglected i n  the th i rd  
equation of  t he  ee t  (28 ) .  This set  then reduce6 t o :  

Introducihg the  appropriate der ivat ives  of (22)  and employing 
the  parameters Kp and D2 f rom (5)  and (17) and a f t e r  some 
regrouping the  following s e t  of equations can be writ ten: 

The i so t ropic  case f o r  the l i n e a r  equations of motion of the  
monocoque cy l indr ica l  s h e l l  
t he  reinforelng parameters a r e  reduced according t o  the  following 
scheme : 

f o l l o w s  from the  above when 



With (31) the equatione of motion of the isotropio shell become, 

It can be readily verified that equations (32) are identical 
with Flugge's equations of motion of the "complete vibration 
theory of a circular cylindrical ahellbt2 when use is made of the 
aseumption of shallowness, e.g.12 1 (t/R)Lc 1. (Reference ( 3 ) )  

b) Complete Nonlinear Equation8 of Motion 

When the complete set (24) is inserted into equation6 ( 2 8 )  and 
u8e is made of the first two of (28) to simplify the expressions, 
the following equation8 can be written after considerable regrou- 
p i n g  : 
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em n 

The s e t  ( 3 3 )  is  the coupled eystem of  nonlinear par t ia l  d i f f e r e n t i a l  
equations of motion of the  eccentr ical ly  s t i f fened  c i r c u l a r  cylindri-  
c a l  she l l .  The dashed l i n e s  indicate  separation of  the  terms in to  
group8 of the first, second and th i rd  degree. 
A seconddegree approximation of ( 3 3 )  can therefore  be obtained by 
dele t ing  the  last terms i n  the t h i r d  equation of ( 3 3 ) .  

10. ON THE PARTIAL DECOUPLIBG OF THE W - E ~ U A T I O N  OF MOTION FROM 

THE COUPLED LINEAR SYSTEM INCLUDING TANGENTIAL INEHTIA 

The l inear ized coupled eystem of equation8 of motion ( 3 0 )  is  
repeated here f o r  convenience: 
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The following decoupling procedure i e  followed: 
In order t o  obtain an equation i n  u and w alone, we p a r t i a l l y  d i f fe r -  
e n t i a t e  (35)  w i t h  respect t o  x and y i n  sequence and then eubet i tu te  
f o r  the r-terms from (34 ) ,  which a r e  obtained by separately differ-  
en t i a t ing  (34 )  twice with respect t o  x, twice with respect t o  Y 
and twice with respect t o  time. 
In order t o  obtain an equation i n  v and w alone, (34 )  is p a r t i a l l y  
d i f f e ren t i a t ed  w i t h  respect t o  x and y i n  sequence and the  u-terms 
a r e  then exproseed from 
d i f fe ren t ia ted  twice wi th  reapsot t o  x, y and time. 
Af te r  considerable manipulation and regrouping the  following two 
equations are obtained: 

[35),  a f t e r  the  l a t t e r  i s  eeparately 

where the  l i n e a r  operator e Y i e  defined ae: 
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Equation ( 3 7 )  contains only terms i n  u and w, while (38) r e l a t e s  
v and W. 
Multiplying (37) by $ and ( 3 8 )  by k& and adding y ie lds  the  following 
expree 8 ion: 

where the l i n e a r  operator 4' is defined as: 

. Considering ( 3 6 )  w i t h  (40),we would l i k e  t o  eliminate the  u and v 
terms of (40) w i t h  the  help of  (36).  
It can be seen that  t h i s  is  not  possible f o r  the  eccent r ica l ly  
s t i f f ened  she l l .  It may however be achieved f o r  the  brthotropic 
s h e l l .  In the l a t t e r  case, FSb = FRb = 0 i n  equation ( 3 6 ) ,  and we 
may solve for: 

When (42)  is introduced in to  equation (40), w i t h  FSb = FRb = 0, 
the fciZbwing p a r t i a l l y  uncoupled l i n e a r  par t ia l  d i f f e r e n t i a l  equation 
i n  w r e s u l t s  f o r  the orthotropically s t i f fened  cy l ind r i ca l  she l l :  
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9 
Where the  l i n e a r  operator& i s  defined-: 

Equation (43)  is  called p a r t i a l l y  decoupled s ince w must s t i l l  
s a t i s f y  ('37) i n  u and w, a0 well a0 ( 3 8 )  i n  v and w. 
(43) can a l s o  be reduced t o  the caseof the  i so t ropic  she l l .  With 
the  appropriate subs t i tu t ions  and a f t e r  considerable algebra, the  
following equation can be obtained: 

Equation (45)  i e  i den t i ca l  with that derived i n  reference ( 5 ) .  
For the s t a t i c  cabe, (45 )  reduces t o  the  well-known l i n e a r  Donne11 
equation of reference (6). 

11. THE NONLINEAR EQUATIOHS OF MOTION OF THE ECCENTBICALLY 

STIFZ'EBED SHELL IN TERMS OF A STICESS FUNCTION AHD 

ZEBO TANGENTIAL INERTIA 

A s t r e s s  function f ( x , y )  is defined such tha t  

With 'ji-?=O, the  f i r s t  two equilibrium equations of the system (28) 
a r e  iden t i ca l ly  sa t i s f i ed .  The t h i r d  of (28)  can be Written w i t h  ( 4 6 )  
and t h e  M b ' s  subst i tuted from (24)  such that ,  
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or on using the operator S,Uby (44) 

The terms i n  u and v can be eliminated with the help of  the first 
two equations of (24 ) .  In these the M1s are expressed by the etress  
function f .  After some algebra, the following equations are obtained: 

Substituting (48) and (49) into (47)  and coinbining appropriate 
terme, yields the following equation: 
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The nonlinear compatibility equation is taken from reference (7) , 
page 417, stated for the plate, and is modified for the cylindrical 
shell as follows: 

The strain terms can be expressed from the first three equations 
of (18). Introducing f into the N’s,and W’B into thex’s, they 
become: 

=olving for the strains and differentiating appropriately,the left 
side of (51) can be expressed from (52),which lead8 to the counter- 
part of ( 5 0 ) :  

The equation6 ( 5 0 )  and ( 5 3 )  form a nonlinear system of partial 
differential equations realating the stress function f and the 
radial di6placement w for the eccentrically stiffened circular 
cylindrical shell. Their relationship is similar to that of the 
von Karman equations for the flat plate. 
The bulk of  theee equations can be reduced by defining the following 
parametere: (Also listed in the Appendix) 
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Tith these abbreviations the two equations can be written as: 

The mathematical formulation of  the free vibration of an eccentrically 
stiffened cylindrical shell i s  therefore given by the s e t  of 
equation8 c 5 5 )  and (56)  when tangential inertia is neglected. With 
an appropriate s e t  of  8 boundary and 2 i n i t i a l  conditions, a solution 
should be possible, &en though a closed-form 8OlutiOn seem6 remote 
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due t o  mathematical d i f f i c u l t i e s .  

So fa r  then, various equation8 f o r  the  dynamics of eccentri-  
c a l l y  s t i f fened  c i r c u l a r  cy l indr ica l  s h e l l  have been formulated 
through derivation. Immediate fu tu re  work w i l l  concentrate on 
method8 of solut ions for spec i f ic  problems. In general, solut ions 
are needed f o r  cases where X = X ( t ) ,  Y = Y ( t ) ,  Z=Z(t), besides i n e r t i a ,  
include external ly  time-varying surface forces  f o r  prescribed 
boundary conditions, o r ,  on the other  hand, prescribed time-varying 
boundary displacements, 
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APPENDIX: SUMMARY OF ABBIUVIATED PAR 
Stiffnese (lb/in) 1 Flexural r ig id i ty  (lb-in) 

St i f fnese ( lb / in )  ?lexural I t i f l i d i t s  ( lb - in )  

ETmS 

Dlaplacement ( in)  

F l e x i b i l i t y  ( in / lb  

Mixed Parameters 


